The generalized monotone iterative technique for sequential 2q order Caputo fractional boundary value problems, which is sequential of order q, with mixed boundary conditions have been developed in our earlier paper. We used Green's function representation form to obtain the linear iterates as well as the existence of the solution of the nonlinear problem. In this work, the numerical simulations for a linear nonhomogeneous sequential Caputo fractional boundary value problem for a few specific nonhomogeneous terms with mixed boundary conditions have been developed. This in turn will be used as a tool to develop the accurate numerical code for the linear nonhomogeneous sequential Caputo fractional boundary value problem for any nonhomogeneous terms with mixed boundary conditions. This numerical result will be essential to solving a nonlinear sequential boundary value problem, which arises from applications of the generalized monotone method.
Introduction
It is known that in [1] the half order fractional diffusion model has been established to be useful and also economical. For some more applications in elasticity, continuum mechanics, and some qualitative study of those models see for initial and boundary value problems. However, when we need to compare our model with the integer model, our fractional boundary value problem should yield the integer model as a special case. This in general is not true even though the initial and boundary conditions and the basis solution for the fractional order is nq when (n − 1) < nq < n. See [28] [29] [30] . In short, the integer result of well known second order results will not be a special case of a 2q order when q = 1. The main reason for this is the integer derivative is sequential, whereas the fractional derivative is not sequential. In the recent paper [31] the generalized monotone method combined with coupled lower and upper solutions for sequential boundary value problems of order 2q, which is sequential of order q, has been developed. In addition, the boundary conditions in [31] involve the left and right derivative of order q near the boundary. In particular if q = 1, the sequential fractional boundary value problem will reduce to the integer boundary value problem including the mixed boundary conditions. The advantage of the generalized monotone method is that it proves the existence of coupled minimal and coupled maximal solution, which is theoretical as well as computational. In addition, the monotone iterates, which are approximate to the solution, are solutions of the linear equation. In addition the integral representation for the linear iterates will have the same Green's function with a varying nonhomogeneous term. In this work, the numerical results for some known nonhomogeneous functions such as Mittag-Leffler functions and some combination of known Mittag-Leffler functions and the sin q x function have been developed. The numerical code has been written in such a way that the solution as q → 1, coincides with that of the integer boundary value problem, namely q = 1. It is to be noted that the Green's function for a given sequential boundary value problem will be the same. The Green's function will change depending on the type of sequential 2q order equations and the boundary conditions. However, it should be noted that in the generalized monotone method for a given nonlinear sequential Caputo boundary value problem, all the linear iterates will have the same Green's function. In our first three examples we have considered the sequential boundary operator − sc D q a+ u(x). The generalization of these examples for any nonhomogeneous term will be very useful in solving the nonlinear sequential boundary value problem by the generalized monotone method. In example four of our main results, the linear sequential Caputo boundary operator is − sc D q a+ u(x) − u. In our future work, we plan to develop numerical code for the linear sequential Caputo differential equation of the form − sc D q a+ u(x) − (λ) 2 u = f (x), with Caputo mixed boundary conditions. This will be useful in solving the nonlinear sequential Caputo differential equation of the form − sc D q a+ u(x) − (λ) 2 u = f (x, u), with Caputo mixed boundary conditions by the monotone method. It is to be noted that the initial approximation for the generalized monotone method requires coupled lower and upper solutions of Type I, whereas the monotone method requires natural lower and upper solutions. We have included the code for some examples in the Appendix A.
Preliminary Results
In this section, some basic definitions and known results which are needed in the numerical main results are recalled.
The Mittag-Leffler function is given by:
where q > 0. If q = 1 then E 1,1 (λx) = e λx . See [5] [6] [7] for more details. Note that when q = 1 in Equation (1) is the special case of integer derivative and it is the usual exponential function. The sine function is given by the equation:
The cosine function is given by the equation:
The Caputo (left-sided) fractional derivative of u(x) of order q, when n − 1 < q < n, is given by equation:
and the (right-sided) fractional derivative is given by:
where u (n) (t) = d n (u) dt n . In particular, if q = n, an integer, then c D q u = u (n) (x) and c D q u = u (x) if q = 1.
Since we seek solutions of the Caputo fractional differential equations to yield the integer derivative result as a special case, we need the following definition of the sequential Caputo fractional derivative of order nq.
The Caputo fractional derivative of order nq, for n − 1 < nq < n is said to be the (left) sequential Caputo fractional derivative of order q, if the relation:
holds for n = 2, 3, ..., etc. Note that one can define the (right) sequential Caputo fractional derivative of order nq in terms of the (right) sequential Caputo fractional derivative of order q. We denote the (left) sequential Caputo derivative of order q as ( sc D nq 0 + )u(x), where n ≥ 2 is an integer. From the paper [31] , we consider the linear sequential Caputo fractional boundary value problem:
where α 0 , α 1 ≥ 0 and β 0 ,
The linear comparison result has been developed in [31] in such a way that the linear sequential Caputo boundary value problem of Equation (7) has a unique solution. This has been proved under the assumption that the left sequential Caputo fractional derivative of order nq will be the same as the right sequential Caputo fractional derivative of order nq for n = 1, 2 in [31] . We make a similar assumption throughout this paper also. This guarantees the uniqueness of the solution of all the linear sequential Caputo fractional boundary value problems that we discuss in this paper. Now we consider the sequential Caputo fractional boundary value problem where mixed boundary conditions are of the form:
The Green's function representation for a sequential Caputo fractional boundary value problem with mixed boundary conditions are given below:
First we consider the sequential Caputo fractional boundary value problem with mixed homogeneous boundary conditions of the form:
The unique solution of Equation (9) in terms of Green's function is given by:
where F(s) = f (s), and G(x, s) is the Green's function that satisfies the homogeneous boundary conditions.
The Green's function obtained is of the following form:
Next, we consider the Caputo fractional boundary value problem with mixed non homogeneous boundary conditions.
The unique solution of Equation (12) in terms of Green's function is given by:
where C 1 and C 2 are constants and can be found by Equation (12) . It is easy to observe that Green's function is the same as in Equation (11), and Equation (13) can be written as:
The detailed proof of Green's function is given in [31] .
Remark 1.
It is to be noted that when q = 1 in Equations (11) and (14) the integer result has been a special case of our result including the mathematical formula of the Green's function that has been obtained here. The aim here is twofold. The first one is to develop an efficient numerical scheme that yields the integer result with the least error as the value of q tends to 1. The second one is to use the value of q as a parameter to improve our mathematical model.
Main Results
In order to compute the solution of sequential Caputo fractional nonlinear boundary value problems of order 2q by the generalized monotone method, it is necessary to compute the solution of the corresponding linear equation with different nonhomogeneous terms. The nonhomogeneous terms are determined by the coupled lower and upper solutions relative to the nonlinear problem. In addition, the nonhomogeneous term will always lie in the sector defined by the initial coupled lower and upper solutions. The main advantage of the generalized monotone method is that one can compute the solution u(x) or the solution of the linear iterates given in the form of Equation (14) for different values of F(x). Our initial aim was to develop an accurate numerical code to solve for a general bounded F(x). In this work, our first three examples, the linear sequential boundary operator and the mixed Caputo boundary conditions are the same with three different nonhomogeneous terms. The validity and accuracy of our numerical code has been established in our examples since the numerical solution as q → 1 coincides with the result for q = 1, the integer case. In example four, we have considered the linear sequential differential operator of the form − sc D q 0+ u(x) − (λ) 2 u with Caputo type Neumann boundary conditions for the value λ = 1. We have established that the numerical solution coincides with the integer solution as q → 1. All the numerical results and the graphs (Figures 1-4) are computed using MATLAB.
In all the four examples, we consider the terminals a and b are 0 and 1. In our first example, we consider the linear sequential Caputo fractional boundary value problem with mixed homogeneous boundary conditions:
The solution of Equation (15) is given by:
where G(x, s) is the Green's function given by:
Note that the above formula is a special case of Equation (11) with a = 0, b = 1. Hence: Figure 1 represents the numerical solution of example 1, using the integral form of Equation (16) for different values of q including q = 1 can be found below. In example 2, we consider the linear sequential Caputo fractional boundary value problem with mixed boundary conditions,
The solution of Equation (19) is given by
where G(x, s) is the Green's function and is the same as in example 1. Figure 2 represents the numerical solution of example 2, using the integral form of Equation (20) for different values of q including q = 1 can be found below. In example 3, we consider the linear sequential Caputo fractional boundary value problem with mixed boundary conditions:
The solution of Equation (21) is given by:
where G(x, s) is the Green's function the same as in examples 1 and 2. Figure 3 represents the numerical solution of example 3, using the integral form of Equation (22) for different values of q including q = 1 can be found below. In example 4, we consider the linear sequential Caputo fractional boundary value problem with mixed boundary conditions:
The solution of Equation (23) is given by:
where G(x, s) is the Green's function given by: Figure 4 represents the numerical solution of example 4, using the integral form of Equation (24) for different values of q including q = 1 can be found below. 
Conclusions
In this work, we have provided four numerical results for the numerical solution of linear sequential Caputo boundary value problems with Caputo type of mixed boundary conditions. In the first three examples, we considered the linear sequential boundary operator to be − sc D q 0 + u(x), with mixed boundary conditions at x = 0 and x = 1, for three different nonhomogeneous terms. Our initial aim was to develop the numerical code for a general bounded nonhomogeneous term, so that it will be useful to solve a nonlinear problem using the generalized monotone method. However, our numerical examples helped us confirm the accuracy and validity of our code, since our numerical solution coincides with the integer solution as q → 1. It is to be noted that the Green's function is the same in all the three examples. In our future work we will develop the code for a general nonhomogeneous term together with error analysis. We then plan to apply this to a nonlinear problem such as a (fractional) steady state population model by generalized monotone method. It is easy to observe that the Green's function is the same for each of the linear iterates in the generalized monotone method. In addition, we can use q as a parameter to enhance the mathematical model.
In example four we considered the linear sequential Caputo boundary operator to be − sc D q 0 + u(x) − u, with the Caputo derivative of Neumann type of homogeneous boundary conditions. The Green's function for example four is different than that of the first three examples. In this case also, our numerical solution coincides with the well known integer result. In future we plan to develop numerical code for the linear sequential Caputo boundary operator of the form − sc D q 0 + u(x) − (λ) 2 u, with mixed Caputo boundary conditions, with general nonhomogeneous terms. This will be useful to obtain numerical solutions for the nonlinear sequential Caputo boundary value problem with mixed Caputo boundary conditions. Author Contributions: There was equal contribution by the authors.
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Appendix A
In this section we have provided the MATLAB code for all the example problems. The MATLAB code for example 3 is given below. One can compute the Mittag-Leffler function using the MLF code written by Igor Podlubny. See for reference [32] . The above MATLAB code is similar to examples 1 and 2 with different nonhomogeneous terms. The MATLAB code for example 4 is given below. 
